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� The inertial range scaling of the energy spectrum in incompressible MHD
turbulence is subject of controversy.

� Recent analytical and numerical results indicate that cross-helicity plays a
fundamental role in driven MHD turbulence, even when it averages zero.

� Analytical models of imbalanced turbulence have been proposed, but lead
to contradictory results.

� We present numerical and analytical results that consistently describe
balanced and imbalanced turbulence.



Incompressible Magnetohydrodynamic (MHD) turbulence

CMSO General Meeting, Princeton, July 9, 2008 3/17

� MHD turbulence is best studied in the Els•asser formulation
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wherez� = v � b, and r � z� = 0 .

� The second (linear) term describes the advection of the �elds z� with the
Alfven velocityvA along the guide �eld.

� The nonlinear term describes the interaction of turbulent 
uctuations and
responsible for the energy transfer to smaller scales.

� For z� = 0 , z� = F � (x � vA t) are exact solutions for any function
F � (x).

� Nonlinear interaction occurs between counter-propagating waves only.
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� Goldreich & Sridhar (GS): Eddies become elongated along thelocal �eld
until there is a formal balance between the linear and nonlinear term, i.e.,
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� S. Boldyrev (SB), assumed the nonlinear interaction is depleted due to
increasing alignment between velocity and magnetic �eld 
uctuations,
while still maintaining critical balance, hence
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� Energy and Cross-helicity are de�ned as
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1
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; Hc = hv � bi

� Hc measures the degree of correlation between velocity and magnetic

uctuations in the turbulent state.

� In terms of Elsasser variables energy and cross-helicity invariants take the
form

E = E + + E � ; Hc = E + � E � ; E � �
1
4
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� Cross-helicity measures the imbalance between counter-propagating waves.

� Together with energy, cross-helicity undergoes a turbulent cascade from
large to small scales. The same holds forE � .
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� Incompressible MHD equations describe two wave modes:

z�
S = i � e1 Shear-Alfv�en

z�
P = � � e2 Pseudo-mode
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� The pseudo-mode plays a passive role in the universal regimes of weak and
strong turbulence (Galtier and Chandran 2006).

� Shear-Alfv�en dynamics is described by the RMHD model, thatcan be
written in Elsasser form
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� We used a 2/3-dealiased pseudo-spectral method to solve theRMHD
system.

� No arti�cial viscosity is used (hyper-viscosity), to diminish undesired
bottleneck e�ects.

� Code tested on: lonestar (up to 512 processors), ranger (up to 2048) at
the Texas Advanced Computing Center, and a moderate size cluster at the
UW-Madison plasma group (up to 128 processors).

� Numerical results presented here are the result of almost 80years of CPU
time, i.e., roughly the time it would have taken on a single PC.
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� MHD turbulence is anisotropic: ed-
dies elongated alongB 0.

� Cubic simulation box is not appro-
priate: a signi�cant number of per-
pendicular scales wasted.

� Can lead to inaccurate measure-
ments of spectral indices.
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� Parallel box size is crucial to maxi-
mize the range of useful perpendic-
ular scales.

� The box aspect ratio should be cho-
sen to match the anisotropy im-
posed by the guide �eld.

� If box size not properly chosen, scal-
ing results may vary due to the lim-
ited resolution and by interpreting a
transition as a universal regime.
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� We use a random forcef : whereez � f = 0 and r � f = 0

� The only non vanishing Fourier coe�cients off in the range

1 � k? � 2;
L ?

L k
� kk � � �

L ?

L k
n

are Gaussian random numbers.

� � controls the parallel width of the forcing spectrum.
L ? =Lk = 1=5; 1=6; 1=10.

� The individual random values are independently refreshed,on average,
every� = 0 :1L ? =vrms .
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Transition from weak to strong tur-
bulence in balanced MHD turbu-
lence (Perez & and Boldyrev 2008).

1. (A) Weak turbulence scalingk � 2
?

predicted by Ng & Bhattacharjee
1996, and Galtier et.al. 2000.

2. (B) Transition toward strong turbu-
lence.

3. (C) Strong turbulence scaling, pre-
dicted by dynamic alignment phe-
nomenology (Boldyrev 2005).
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� Movie shows cosine between velocity
and magnetic 
uctuations with decreas-
ing �eld-perpendicular scale, in thebal-
ancedsimulation.

� Region correspond to one quarter of
�eld-perpendicular domain, i.e.,1282.

� Domain is split in patches of highly
aligned and anti-aligned regions, which
become stronger as the scale of eddies
decrease.

� Therefore, understanding imbalanced
MHD turbulence is important even
when the overall cross helicity vanishes.

align128.mpeg
Media File (video/mpeg)
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� Correlation is introduced at the forcing scales by controlling the correlation
between the velocity and magnetic �eld forces,fv = 1

2 (f + + f � ) and
fb = 1

2 (f + � f � ).

� This is achieved by takingf � as uncorrelated Gaussian random forces, so
that cross-helicity is controlled by the di�erence of theirrespective
variances:
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� We set the variances to satisfy� 2
+ + � 2

� = 2 .

� In the simulations, cross-helicity is normalized with the total energy.
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Comparison between balanced and
imbalanced strongE � spectra.

1. (A) Balanced simulation (� c = 0 )
on 5122 � 256 and L ? =Lk = 1=5.
Consistent with IK scaling.

2. (B) Imbalanced simulation (� c =
0:6) on 5122 � 256 and L ? =Lk =
1=5. Box not su�ciently long,
E + � k � 1:6

? and E � � k � 1:35
? .

3. (C) Imbalanced simulation (� c =
0:6) on 5123 and L ? =Lk = 1=10.
E + � k � 1:55

? and E � � k � 1:45
? .
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Comparison between balanced and
imbalanced strongE � spectra.

1. E � scaling approaches IK as the
parallel box size increases.

2. For a given value of� c and long
enough parallel length, both spec-
tra are expected to approach IK
scaling.
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� Dynamic alignment model assumes the po-
larization of velocity and magnetic �eld 
uc-
tuations are aligned within a small scale de-
pendent angle� � .

� For balanced strong turbulence, nonlinear
interaction is reduced by a factor� � for both
z+ and z� .

� Nonlinear interaction time is estimated as
� � � 1=k? � z� � 1=k? z�

� � � .

� For an alignment angle that decreases with
the scale as� � � � 1=4 the constant energy

ux constraint leads to the energy scaling
E(k? ) � k � 3=2

? .

l
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� We assume that alignment is also present in the imbalanced case.

� However, alignment angle is di�erent forz+ and z� , with the geometric
constraint z+ � + � z� � � .

� The di�erent angles lead to a di�erent reduction of the nonlinear strength.

� Interestingly, the nonlinear interaction time is the same for both
� � � 1=z�

� � �
� k? .

� Constant 
ux assumption(z� )2=� �
� = const leads to same scalingk � 3=2

? ,
althoughE � have di�erent amplitudes.
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� Previous analytical work in imbalanced MHD turbulence havenot
considered the e�ect of dynamic alignment.

� Lithwick and Goldreich 2007 argue that energy cascade timesare di�erent
for z+ and z� and lead to scalingsE + � E � � k � 5=3

? .

� Beresnyak & Lazarian 2008, and Chandran 2008 assume that thehigh
amplitude wave, sayz+ undergoes a weak cascade whilez� undergoes a
strong cascade, therefore energy spectraE + and E � have di�erent
scalings.

� Most importantly, the fact that balanced MHD turbulence is constituted
by regions of both positive and negative cross-helicity is incompatible with
current models of imbalanced turbulence.
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� MHD turbulence, both balanced and imbalanced, is characterized by
regions of positive and negative cross-helicity.

� Numerical simulations suggests that the spectra ofE + and E � approach
the IK scaling with di�erent amplitudes.

� A coherent picture of balanced and imbalanced MHD turbulence has been
presented.

� Dynamic alignment provides a natural explanation for observed results.
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