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The problem setup & assumptions
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Assumptions:

• non-relativistic incompressible p+ and e− plasma;

• isotropic p+ and e− pressure, also neglect viscosity;

• resistivity η is constant & small (large Lundquist);

• a thin layer, 2-dimensional geometry ∂/∂z ≡ 0;

• geometric symmetries of the layer, quadrupole Bz;

• quasi-stationarity, ∂/∂t ≈ 0.

Notations:

• we use physical units in which c = 1 and 4π = 1;

• 2δ and 2L are thicknesses and length of e− layer;

• 2∆ and 2Lext are thicknesses & length of p+ layer;

• Bext is upstream field (By at y=0 and x≈∆);

• VA =Bext/
√

ρ is Alfven velocity, ρ=mpn=const;

• S = LextVA/η is Lundquist number;

• dp =c/ωpp =
√

mp/e
√

n and de =c/ωpe =
√

me/e
√

n

are the proton and electron inertial lengths.
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Equations

• Equations of the motion of the e− and p+:

nme[∂tu
e + (ue∇)ue] =−∇Pe − ne(E + ue×B) + neηj,

nmp[∂tu
p + (up∇)up] =−∇Pp + ne(E + up×B) − neηj.

• Express ue and up in terms of electric current j = ne(up − ue) and

center-of-mass velocity V = (mpu
p + meu

e)/ρ, also use me ' mp:

up = V + (me/mp) j/ne and ue = V − j/ne.

• Obtain generalized Ohm’s law from the equation of e− motion

E = −V×B + ηj + j×B/ne − (1/ne)
[

∇Pe − (d2
e/d2

p)∇Pp

]

−

+ d2
e

[

∂tj + (V∇)j + (j∇)V − (1/ne)(j∇)j
]

.

• Obtain momentum equation from the equation of p+ motion

nmp [∂tV + (V∇)V] + d2
e(j∇)j = −∇P + j × B, P = Pe + Pp.

• Maxwell equations: ∇×B = j, −∂tB = ∇×E, ∇ · B = 0.
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Equations (continue)
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Ampere’s Law z-component (at O-point):

jo = (jz)o ≈
Bext

δ
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Equations (continue)
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x-component of the momentum equation (force balance across the layer):

(∂yyP )o ≈ (∂yyB2
y/2)ext ≈ −2B2

ext/L2

y-component of the momentum equation

(acceleration along the layer):

at the O-point, calculate ∂/∂y of

nmp(V∇)Vy + d2
e(j∇)jy = −∂yP + jzBx − jxBz
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Equations (continue)
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Faraday’s Law x- and y-components:

(∇× E)x = ∂yEz = −∂Bx/∂t = 0,

(∇× E)y = −∂xEz = −∂By/∂t = 0,

⇒ Ez = constant in space
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Equations (continue)
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Ohm’s Law z-component:

Ez = ηjz − VxBy + VyBx + (jxBy − jyBx)/ne

+ d2
e

[

Vx∂xjz + Vy∂yjz + jx∂xVz + jy∂yVz

− (jx∂xjz + jy∂yjz)/ne
]

= constant.

• O-point: Ez = ηjo

• Ez = const across the layer:

∂xxEz = 0 at point O;

ηjo = Ez(x≈δ, y=0) = Ez(x≈∆, y=0)

• Ez = const along the layer:

∂yyEz = 0 at point O;

ηjo = Ez(x=0, y≈L)
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Equations (continue)
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Faraday’s Law z-component:

∂xEy − ∂yEx = −∂Bz/∂t = 0

at the O-point, calculate ∂2/∂x∂y of

∂xEy − ∂yEx = 0
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Equations (summary)
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Ampere’s Law (z-): 1 equation

Momentum Equation (y-): 1 equation

Faraday’s and Ohm’s Laws (x-, y-, z-): 6 equations

7 unknowns: jo, δ, ∆, L, (∂yVy)o, (∂yBx)o, (∂xyBz)o

(equations partly replicate each other)

Find the unknowns and reconnection rate Ez = ηjo



2-fluid reconnection 9

Solution
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Convenient physical parameters:

VA =
Bext
√

nmp
is Alfven velocity

S =
VALext

η
is Lundquist number

Convenient dimensionless parameter:

γ̃ ≡
VAdp(∂xyBz)o

Bext(∂yVy)o
≈

(j × B)z/ne

(−V × B)z
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Solution: Sweet-Parker
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Solution for γ̃ <
∼

1, Sweet-Parker reconnection regime

S <
∼

L2
ext/d2

p ⇒ δ ≈ ∆ ! dp

jo ≈

√
S Bext

Lext
, Ez ≈

1
√

S
VABext

δ ≈ ∆ ≈
Lext√

S

L ≈ Lext

γ̃ ≈
Sd2

p

L2
ext

(∂yVy)o =
VA

Lext
, Vy ≈ VA

(∂yBx)o ≈
Bext√
S Lext

, (∂xyBz)o ≈
SBextdp

L3
ext
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Solution: Hall
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Solution for 1 <
∼

γ̃ <
∼

dp/de, Hall reconnection regime

S ≈ L2
ext/d2

p

Lext
>
∼

L >
∼

deLext

dp
, jo ≈

LextBext

dpL

Ez ≈
dp

L
VABext (S. W. H. Cowley, 1985)

δ ≈
dpL

Lext
, ∆ ≈ dp

γ̃ ≈
Lext

L

(∂yVy)o =
VA

L
, Vy ≈ VA

(∂yBx)o ≈
dpBext

LextL
, (∂xyBz)o ≈

BextLext

dpL2

Note: Bz ≈ (∂xyBz)o δ L ≈ Bext
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Solution: e-inertia
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Solution for dp/de
<
∼

γ̃ < d2
p/d2

e, e-inertia regime

jo ≈
Bext

de

Ez ≈
Lext

Sde
VABext ≈

dp

L
VABext (Zocco et al., 2008)

L ≈
Sdedp

Lext
, δ ≈ de, ∆ ≈ dp

dp

de

<
∼

γ̃ <
d2

p

d2
e

(∂yVy)o =
LextVA

Sd2
eγ̃

, (∂yVy)x>δ ≈
VA

L

(∂yBx)o ≈
L2

extBext

S2ded2
p

, (∂xyBz)o ≈
BextLext

Sd2
edp

Note: Bz ≈ (∂xyBz)o δ L ≈ Bext, Vy(y≈Lext) ≈ VA,

ue
y ≈ VAe = Bext/

√
nme
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Summary

m   /m1/2
p e
1/2

Ez

1/S1/2E  =zSweet−Parker:
< < pd2EzextHall: d /Lp ext/L ed

E  =z extL    /Sde

1 Sd=δSP p

e−inertia:

• e− inertia term d2
e(j∇)j ≈ men(ue∇)ue enters the momentum equation:

mpn [∂tV + (V∇)V] + d2
e(j∇)j = −∇P + j × B

• There are slow Sweet-Parker and fast e-inertia-dominated regimes:

• http://arxiv.org/abs/0904.0660

• Need to account for anisotropy of the electron pressure tensor.


